Partial wave off-shell Coulomb amplitudes at excited-state energy
Introduction
The Coulomb transition matrix, which in the momentum space is a function of the initial and final relative momenta and the energy, provides all information about the system of two charged particles with the Coulomb interaction [1] . The knowledge of the Coulomb transition matrix with the momenta off the energy shell is necessary when studing properties of the few-body atomic and nuclear systems containing charged particles by using the Faddeev [2, 3] and Faddeev-Yakuboskii [4] integral equations. The separation of the main Coulomb singularity and the regularization of the integral equations for the three-body system, which contains charged particles, has been performed by Vesselova [5, 6] using the known Gorshkov's receipe for the system of two charged particles [7] .
Presently, there are known several representations of the two-body Coulomb transition matrix [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The one-parameter integral representations for the Coulomb Green's function which take imediately into account the existing symmetry of the Coulomb system in Fock's four-dimensional Euclidean space [19] have been firstly obtained in the papers by Bratsev and Trifonov [10] and Schwinger [13] . The expressions for three-dimensional Coulomb transition matrix with the explicit removal of the singularities in the transfermomentum variable and the energy have been derived in the papers [15] (for the negative values of the energy E < 0) and [16] (for zeroth and positive energies E ≥ 0). The possibility of obtaining the expressions for partial wave two-body Coulomb transition matrix at the energy of the ground bound state in the analytical form was investigated in previous papers [20] ( in the case of the attractive interaction) and [21] (in the case of the repulsive interaction ).
This paper is devoted to the derivation of the analytical expressions for the partial wave Coulomb transition matrices at the energy of the first excited state of the two-body system. In Section 2 we begin the derivation leaning upon the integral representation of the three-dimensional Coulomb t-matrix obtained in [15] . On this basis in Section 3 we
deduce the general formula for the partial wave Coulomb matrix t l (k, k ; E) at the energy E < 0. In Section 4 we study the simplification of the expression for the partial wave Coulomb t-matrix at the energy of the first excited state of the two-body bound system. In Section 5, the analytical expressions for the partial s-, p-and d-wave Coulomb transition matrices in the case of the repulsive interaction are displayed. Section 6 is devoted to the presentation of the analytical expressions for the partial d-wave transition matrix in the case of the attractive Coulomb interaction. The discussion of the obtained results, concluding remarks on the performed work and the plans of the future studing are given in Section 7.
Three-dimensional Coulomb transition matrix at negative energy
In the momentum space the three-dimensional Coulomb transition matrix < k|t(E)|k >, which describes the system of two charged particles, is given by the Lippmann-Schwinger equation
with the free term in the form of the matrix of the Coulomb interaction between the particles 1 and 2
and the kernel, that is defined by the potential of interaction and the free propagator.
Here q 1 and q 2 are the charges of the particles that interact between themselves, E is the energy of the relative motion of the particles, µ is the reduced mass of the particles, k and k are the variable relative momenta in the final and the initial states,h is reduced Planck's constant. In the case of the relative energy E = −h 2 κ 2 /2µ the three-dimensional Coulomb transition matrix has the form [15] 
where
is the known dimensionless Coulomb parameter (the Sommerfeld parameter). The variable quantity ω in Eq.(3) denotes the angle between two 4-dimensional vectors in the fourdimensional Euclidean space introduced by Fock [19] , the three-dimensional vectors k and k lie in the hyperplane, which is the stereographic projection of the unit sphere. The variable ω is defined by the following expression
The functions x γ (ω), y γ (ω) and c(γ) in (3) are given by
The singularities in the energy are contained in the fourth term of the expression in the braces (3). They arise only in the case of the attractive Coulomb interaction potential (for oppositely charged particles with q 1 q 2 < 0), when the Coulomb parameter γ takes on the negative integer values (γ = −n, n = 1, 2, 3, ...) corresponding to the spectrum of the bound states of the two-particle system with the energies
The values κ and the Coulomb parameter γ which correspond to the energy (7) are equal to
For the energies of the bound states E = E n the Coulomb parameter γ takes the integer values -positive for the repulsive Coulomb interaction (q 1 q 2 > 0, γ n = n) and negative for the attractive interaction (q 1 q 2 < 0, γ n = −n). Thus, taking into account that
we find from the expression for c(γ) (6)
In the case of the repulsive interaction (γ > 0) the expression for the three-dimensional Coulomb transition matrix (3) has no singularities at the energies of the bound states E = E n . The indeterminateness in the fourth term in the braces of the type 0 0 at γ = n we evaluate according to l'Hospital rule
3. Partial wave transition matrices at the negative energy
Developing the matrix elements of the Coulomb potential and the corresponding threedimensional transition matrix in Legendre polinomials
wherek is the unit vector along the vector k andk·k = cos θ, we write the one-dimensional integral equation for the partial wave transition matrix in the form
The inhomogeneous term and the kernel of this equation are expressed the partial wave component of the Coulomb interaction potential
that according to (2) can be written in the form
where the function Q l (x) is the Legendre polynomial of the second kind [22] . According to the definition (14) , the partial wave component of the Coulomb transition matrix is equal to
Taking the relationship of the angle between two 4-dimensional vectors in the fourdimensional Fock's space ω and the angle θ between the vectors k and k , we find
Passing in (18) from the integration over the angle θ to the integration over the variable ω, we write the expression (18) for the partial wave component of the Coulomb transition matrix in the form
where the integration limits in (22) are determined by the expressions
in this case
Substituting the expression (3) for the three-dimensional transition matrix into (21), we obtain the formula for the partial wave Coulomb transition matrix t l (k, k ; E) at E < 0:
+γ cos γω x γ (ω) + 2γ 2 sin γω y γ (ω) . It is easy to see that the expression (24) for the partial wave Coulomb t-matrix is significantly simplified, if the energy E is equal to the values of the bound states energies (7), E = E n , at which the parameter γ takes the integer values. (Note that in the case of the attractive interaction (q 1 q 2 < 0) this statement is relevant only for the partial wave transition matrices with the orbital momenta l ≥ n, which have no pole singularities at these values of the energy.)
At γ = ±1, that corresponds to the bound ground state energy E 1 , the functions (6) have a simple form
This ensures a possibility to obtain the analytical expression for the partial wave Coulomb transition matrices at the energy E 1 for both the attractive [20] and repulsive [21] Coulomb interactions.
In this paper we extend the above results for the partial wave transition matrices at the ground-state energy to a case when the variable of the energy E takes the value of the energy of the first excited state E 2 . Then the functions x 2 (ω) and y 2 (ω) in the expression (24) assume the form
In the case of the repulsive Coulomb interaction (q 1 q 2 > 0, inserting (26) into the formula for the partial wave Coulomb transition matrix (24) at E = E 2 (γ = 2) and using (10) -(12), we obtain
where according to (12) 
In the case of the attractive interaction (q 1 q 2 < 0, the formula for the partial wave Coulomb transition matrix (24) at E = E 2 (γ = −2) takes the form Herewith, it must be remembered that the singularities in the energy of the threedimensional Coulomb transition matrix for the attractive interaction in (3) pass only to the partial wave transition matrices with the orbital momenta l < n. All other partial 
before the singular term cot γπ . In the case γ = −2, which is under study, for example, we have
In this way, all the partial wave transition matrices with the orbital momenta l ≥ 2 have no pole singularities.
5. Analytical expressions for the partial wave transition matrices at the energy E = E 2 in the case of the repulsive Coulomb interaction (q 1 q 2 > 0)
Taking the integration over ω in the expression (27 we obtain simple analytical expressions for the partial wave Coulomb t-matrix at E = E 2 in the case of like charges (γ = 2). In particular, the expression for the partial s-wave Coulomb t-matrix in the case of the repulsive interaction has the form
Similarly we get the analytical expressions for the partial p-and d-wave Coulomb t-matrices: t
Note that the formulae for ξ and η (20), as well as the formulae for ω 0 and ω π (22) contain κ = κ 2 , corresponding to the energy E 2 (7).
6. Analytical expressions for the partial wave transition matrix at the energy E = E 2 in the case of the attractive Coulomb interaction (q 1 q 2 < 0)
As is started at the end of Section 4, according to (31), the partial wave components of the transition matrices for the oppositely charged particles t a l (k, k ; E) with l = 0 and l = 1 are singular at the point E = E 2 . The lowest nonsingular at this point partial-wave component is the d-wave component with l = 2. Taking the corresponding integration over ω in the expression (29) l = 2 we obtain the following formula for t a 2 (k, k ; E 2 ):
It is interesting to note, taking into account the difference in sign for q 1 q 2 in the coefficients before the braces in the expressions (34) and (35), that the formulae for the corresponding partial d-wave transition matrices in the cases of the repulsive and attractive Coulomb interactions differ only by their first terms and the signs in front the terms with the logarithm. The remaining terms are the same.
Discussion and conclusions
The investigation of the properties of the off-energy-shell two-body partial wave Coulomb transition matrices is necessary in connection with the formulation and solution of the integral equations for composite atomic and nuclear systems.
The possibility of the analytical derivation of the two-body partial wave Coulomb transition matrices with the use of the specific symmetry of the Coulomb system in Fock's four-dimensional Euclidean space has been first studied in our preceding paper [20] . Therein the simple analytical expressions for the partial p-, d-and f -wave Coulomb transition matrices at the energy of the qround bound state E = E 1 (that corresponds to the Coulomb parameter γ = −1) have been derived in the case of the oppositely charged particles. In the case of the repulsive Coulomb potential analytical expressions for the partial s-, p-and d-wave transition matrices at the energy E = E 1 (γ = 1) have been obtained in Ref. [21] .
In this paper the Fock's method has been applied to derive the partial wave Coulomb transition matrices at the first excited state energy E = E 2 . The cases of the two-body system both with repulsive and attractive Coulomb interactions have been investigated (the transition matrices t r l (k, k ; E 2 ) and t a l (k, k ; E 2 )). It is interesting that the simplification of the analytical form of the partial wave transition matrix at the energies The knowledge of partial wave Coulomb transition matrix is necessary in particular to determine the electric 2 λ -pole polarizabilities of the two-particle Coulomb system α λ (λ = 1, 2 · · ·) in the state with the energy E n [23] .
For example, in the case of the hydrogen-like atom with an infinite-mass nucleus we write the expression for the electric 2 λ -pole polarizabilities α Eλ (λ = 1, 2, 3 , ...) in terms of the wave function, its corresponding derivatives and the partial wave transition matrix t λ at the energy of the first excited bound state (n = 2, l = 0, E 2 = −b 2 ) in the form α Eλ = 2 (2λ + 1)π 2
where m 1 and q 1 are the mass and the charge of the electron,
ψ(k) is the wave function of the S-wave first excited bound state of the atom in the momentum space, κ 2 = m 1 | q 1 q 2 | /2h 2 . The circumstance, that the Coulomb t-matrix at the energy of the bound state in (36) can be found by means of direct solving of the corresponding Lippmann-Schwinger integral equation in a simple analytical form, permits to obtain the analytical expression also for the electric multipole polarizabilities [24] .
At present it is essentially interesting to study the possibility of derivation of expressions for the partial wave transition matrix on the basis of the one-parameter integral representation of the three-dimensional Coulomb transition matrix, proposed by Schwinger [13] . Also, of special importance is the analytical solution of the integral LippmannSchwinger equation for the partial wave Coulomb transition matrices with the values of the energy E differing from the energies of both the ground and excited bound states, for example, in the case of the half-integer values of the Sommerfeld parameter, γ = +1/2 and γ = −1/2, when all the partial wave components are singularity-free in the energy. 
